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Abstract. The profile of a relational structure R is the function ipn which counts for 
every integer n the number, possibly infinite, ipn(n) of substructures of R induced on 
the n-element subsets, isomorphic substructures being identified. If ipn takes only finite 
values, this is the Hilbert function of a graded algebra associated with R, the age algebra 
K.A(R), introduced by P. J. Cameron. 

In this paper, we give a closer look at this association, particularly when the rela- 
tional structure R admits a finite monomorphic decomposition. This setting still encom- 
pass well-studied graded commutative algebras like invariant rings of finite permutation 
groups, or the rings of quasi-symmetric polynomials. We prove that (flu is eventually 
a quasi-polynomial, this supporting the conjecture that, under mild assumptions on R, 
(fin is eventually a quasi-polynomial when it is bounded by some polynomial. We also 
characterize when the age algebra is finitely generated. 

Keywords: Relational structure, profile, graded algebra, Hilbert function, Hilbert series, 
polynomial growth, invariant ring, permutation group. 

Introduction 

This paper is about a counting function: the profile of a relational structure R (see |Fou06 
for a survey on profiles and also |Pou08j ) and its interplay with a graded connected commu- 
tative algebra associated with R, the age algebra of R. 

Many counting functions are profiles. Several interesting examples come from permutation 
groups. For example, if G is a permutation group on a set E, the function Qq which counts 
for every integer n the number of orbits of the action of G on the n-element subsets of E, 
is a profile, the orbital profile of G (think counting graphs up to an isomorphism) . Groups 
whose orbital profile takes only finite values are called oligomorphic; their study, introduced 
by Cameron, is a whole research subject by itself |Cam90j . If G acts on {1, . . . , k}, the 
Hilbert function of the subalgebra K[X] G of the polynomials in K[X] := K[Xi, . . . , Xk] 
which are invariant under the action of G is a profile, and in fact an orbital profile. 

In general, Cameron associates a graded algebra K.A(R) to each relational structure 
R [Cam97 ; its main feature is that its Hilbert function coincides with the profile of R as long 
as it takes only finite values. As is well know, the Hilbert function of a graded commutative 
algebra A is (eventually) a quasi polynomial, provided that A is finitely generated. This 
leads us to conjecture that the profile ipn of a relational structure R is eventually a quasi- 
polynomial when ipn is bounded by some polynomial (and the kernel of R is finite). 

In this extended abstract, we build upon P T05| to explore and document this association 
between relational structures and their age algebras, with this conjecture on the profile as 
connecting thread. 

In Section [T] we recall the definitions and basic properties of relational structures, their 
profiles, and age algebras, and state some guiding problems and conjectures. 



This work was done under the auspices of the Intas programme Universal algebra and Lattice theory, 
and supported by CMCU Franco- Tunisien "Outils mathematiques pour Pinformatique". 
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In Section [2] we summarize the definition and fundamental properties of monomorphic 
decompositions, a key combinatorial notion which we introduced in |PT05j . A gain, and 
unless otherwise stated explicitly, we restrict ourselves to the study of relational structures 
admitting a finite monomorphic decomposition. In this setting, the age algebra is a graded 
subalgebra of a finitely generated polynomial algebra. The age algebra itself need not be 
finitely generated (see Example 13. ip . Still, the profile is eventually a quasi-polynomial (see 
Theorem O which refines Theorem 2.16 of |PT05j ). 

In Section [3] we state our main new result, namely a combinatorial characterization of 
those relational structures whose age algebra is finitely generated (Theorem l3.3|k we give the 
key idea of the proof on an example. With the help of (BP07) . we illustrate this result with 
the fact that the age algebra of a tournament is finitely generated if and only if the profile 
of the tournament is bounded (Theorem 13. 4[) . We finally compare the finite generation of 
the age algebra and the well-quasi-ordering of the age by embeddability. 

Analyzing lots of examples has been an essential tool in this exploration. Appendix [X] 
gathers them, with a description of their age algebras. We urge the reader to start by 
browsing it, and to come back to it each time a new notion is introduced. The overview of 
the results in Table [T] may be of help as well. 
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Table 1 . Overview of the results 



1. The profile and age algebra of a relational structure 

1.1. Profile. A relational structure is a realization of a language whose non-logical symbols 
are predicates. This is a pair R := (E, (pi)iei) made of a set E and a family of mi-ary 
relations pi on E. The set E is the domain or base of R; the family fi :— (mi)igj is 
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the signature of R. The substructure induced by R on a subset A of E, simply called the 
restriction of R to A, is the relational structure R\a '■= (A, (A mi n pi)i^i). The notions of 
isomorphism, as well as of isomorphic type, are defined in the natural way. The profile of 
R is the function ipn which counts for every integer n the number <Pr(ii) of substructures 
of R induced on the n-element subsets, isomorphic substructures being identified. Clearly, 
this function only depends upon the set A(R) of finite substructures of R considered up to 
an isomorphism; this set, called the age of R, was introduced by Frai'sse (see [FraOO] ) . If 
I is finite, ipn(n) is necessarily finite. In order to capture examples coming from algebra 
and group theory, we cannot preclude / to be infinite. However, since the profile is finite in 
these examples, and unless explicitly stated otherwise, we always make the assumption that 
fR.( n ) *s finite, no matter how large I is. 

The profile of an infinite relational structure is non-decreasing. Furthermore, provided 
some mild conditions, there are jumps in the behavior of the profile: 

Theorem 1.1. Let R := (E, (pi)iei) be a relational structure on an infinite set. Then, tpn is 
non- decreasing. And provided that either the signature p :— (rii)igj is bounded or the kernel 
K(R) of R is finite, the growth of <pu is either polynomial or as fast as every polynomial. 

A map (p : N — ► N has polynomial growth, of degree k, \ian k < <p(n) < bn k for some a, b > 
and n large enough. The kernel of R is the set K(R) of x £ E such that A(R\e\{x}) A(R). 
The hypothesis about the kernel is not ad hoc. As it turns out, if the growth of the profile of 
a relational structure with a bounded signature is bounded by a polynomial then its kernel 
is finite. Some hypotheses on R are needed, indeed for every increasing and unbounded 
map <p : N — > N, there is a relational structure R such that tpR is unbounded and eventually 
bounded above by ip(ci. I'uuMl i. The first part of the result was obtained in 1971 by the first 
author (see Exercise 8 p. 113 [Fra71j ). A proof based on linear algebra is given in |Pou76j . 
The second part was obtained in [Pou78j and a part was published in Pou81|. 

1.2. Age algebra. Let K be a field of characteristic 0. A map / : [E] m — ► K, where to is a 
non negative integer, is R-invariant if f(P) = f(P') whenever the restrictions R\p and R\pi 
are isomorphic. The i?-invariant maps can be multiplied. Indeed, it is easy to show that if 
/ : [E] m — > K and g : [E] n -> K are i?-invariant, the product fg : [E] m+n -> K 

(i) (fg)(Q)-= E f( p )g(Q\P) 

pe[Q] m 

is i?-invariant. Equipped with this multiplication, the K- vector space spanned by the R- 
invariant maps becomes a graded connected communtative algebra, the age algebra of R, 
that we denote by K.A(R). It can be shown that two relational structures with the same age 
yield the same algebra (up to an isomorphism of graded algebras); thus the name, coined 
by Cameron who invented the notion. 

Provided that <p>r(ji) is finite, the dimension of the homogeneous component of degree n 
ofK.A(R) is (pn(n); hence the generating series above is simply the Hilbert series of K.A(R). 
As is well known, the Hilbert series of a finitely generated graded commutative algebra A 
is a rational fraction of the following form, with 1 = m < • • • < n* and P(Z) £ Z[Z] (see 
e.g. [CLQ97I Chapter 9, §2]): 



w (1 - Z"i)(l -Z n ')---(1- Z n *) ' 

Furthermore, whenever A is Cohen-Macaulay, P(Z) £ N[Z] for some choice of n\, . . . , n^. 

Recall that the n-th coefficient of a rational fraction of the form of Equation^ is eventually 
a quasi-polynomial of degree k' , with kl < k — 1; namely it coincides for n large enough with a 
polynomial ay (n)n k + • • -+ao(n) whose coefficients ay (n), . . . , ao{n) are periodic functions; 
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furthermore k' = k — 1 if and only if P(l) / 0. When a profile is a quasi-polynomial, it has 
polynomial growth in a strong sense: (pn(n) ~ an k ^ 1 for some positive real a (indeed, since 
the profile is non-decreasing, ak~i(n) is eventually constant). 

It turns out that familiar algebras like invariant rings of finite permutation groups can 
be realized as age-algebras (see Example IA.11I) , and it is well known that the former are 
both finitely generated and Cohen-Macaulay. Another example are the algebras of quasi- 
symmetric polynomials (see Example IA.13j) : in fact, a strong impulse to this research came 
from a paper by Garsia and Wallach [GW03] . which proves that they are also Cohen- 
Macaulay. This raises the following problems. 

Problems 1.2. Let R be a relational structure whose profile is bounded by some polynomial. 
Find combinatorial conditions on R for 

(a) the profile to be eventually a quasi-polynomial; 

(b) the age algebra to be finitely generated; 

(c) the age algebra to be Cohen-Macaulay. 

We give partial answers below. They support the following conjecture: 

Conjecture 1.3. The profile of a relational structures with bounded signature or finite 
kernel is eventually a quasi-polynomial whenever the profile is bounded by some polynomial. 

2. Relational structures admitting a finite monomorphic decomposition 

2.1. Monomorphic decompositions. Let R be a relational structure on E; a subset B 
of E is a monomorphic part of R if for every integer n and every pair A, A' of n-element 
subsets of E the induced structures on A and A' are isomorphic whenever A \ B = A' \ B. 
Let (E x ) x& x be a set partition of E; write Xoo := {x 6 X : \E X \ — oo}; for a finite subset A 
of E, set d x (A) :— \AC\E X \, and denote by D{A) := (d x (A)) x£ x the statistics of intersection 
sizes. We call {E x ) x ^x a monomorphic decomposition of R if the induced structures on 
two finite subsets A and A' of E are isomorphic whenever D(A) — D(A'); each E x is 
called monomorphic block. It turns out that there exists a unique minimal monomorphic 
decomposition: 

Proposition 2.1. (a) For every x £ E, the set-union R(x) of all the monomorphic parts 

of R containing x is a monomorphic part, 
(b) Those monomorphic parts form a monomorphic decomposition (E x ) xe x of R. Every 

other monomorphic decomposition of R refines it. 

This monomorphic decomposition is called minimal; its number k :— k(R) := A"oo of 
infinite blocks is the monomorphic dimension of R. 

The following result motivates the introduction of this notion. 

Theorem 2.2. Let R be a relational structure with E infinite. Then, the following properties 
are equivalent: 

(a) The profile of R is bounded. 

(b) R has a monomorphic decomposition into finitely many blocks, at most one being 
infinite. 

(c) The Hilbert series is of the following form, with P(Z) s N[Z] and P(l) ^ 0: 

(d) The age algebra is a free-module over the free- algebra K[ei], where e\ := J2e£E e > * n 
particular it is finitely generated and Cohen-Macaulay. 

Proof. Relational structures satisfying the second condition of the above sentence are the so- 
called almost-monomorphic relational structures of R. Fraisse (see |Fra00j ). The equivalence 
of (a) and (b) was proved in |FP71j for finite signature and in IPou81] for arbitrary signature 
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by means of Ramsey theorem and compactness theorem of first order logic, (a) and (c) follow 
straightforwardly from (d). Finally (d) follows from (a) because e\ is not a zero divisor in 
K.A.(R), a profound result due to Cameron (see |Cam97| ) which contains the fact that the 
profile is non decreasing. □ 

More generally, when the monomorphic decomposition is finite, the age-algebra becomes 
a subalgebra of a polynomial ring K[A] (or of a trivial quotient thereof). In particular, the 
profile is bounded by some polynomial whose degree itself is bounded by \Xaol — 1. Our first 
main result refines this fact: 

Theorem 2.3. Let R be an infinite relational structure with a finite monomorphic decom- 
position, and let k be its monomorphic dimension. Then, the generating series 1~L r is a 
rational fraction of the following form, with P G Z[Z] and P(l) ^ 0: 

P{Z) 

(1- Z)(l- Z 2 ) ...(1- Z k ) ' 

Furthermore (pn(n) ~ cm fe_1 . 

2.2. Proof of Theorem 12.31 From now on, we assume that R has a finite monomorphic 
decomposition (E x ,x G X). We start with a few definitions, and prove that, when the 
decomposition is minimal, the growth rate of the profile is at least n k ~ 1 . The key fact is 
that, for subsets having a large enough intersection with each E x , x G X^, the isomorphism 
relation is essentially shape-preserving. 

To each finite subset A of E, we associate the monomial in K[X]: X A := X D ^ = 
Ylxex ■ Obviously, A is isomorphic to B whenever X A = X B . The shape of A (or 

of its corresponding monomial) is the partition obtained by sorting decreasingly the vector 
(d x (A),x £ X). Finally, call n-fat a set A containing all the finite blocks and such that 
d x (A) > n for all x G Xrx, . 

Lemma 2.4. Assume that the monomorphic decomposition of R is minimal. Then, there 
exists d such that two isomorphic d-fat sets always have the same shape. Moreover, the 
growth rate of the profile of R is at least n k ~ 1 . 

Proof. Assume the contrary. For any d G N, there exists two isomorphic d-fat subsets Ad 
and Bd with distinct shapes. It follows that the isomorphism / between Ad and Bd (or its 
inverse) sends two points ad and a' d of some two distinct monomorphic blocks Zd and z' d into 
the same monomorphic block. Since X^ is finite, there exists z and z' such that z — Zd and 
z' = z' d for infinitely many values of d. One can see that this fact implies that E z UE Z > forms 
a monomorphic block. This contradicts the minimality of the decomposition (E x ) xe x- 

The second claim of the lemma follows, as the number of integer partitions with k parts 
each larger than d is asymptotically equivalent to przTTrgj ■ 

The rest of the proof is as in Theorem 2.16 of |PT05| . and relies on the following key 
property of leading monomials of age algebras. 

Lemma 2.5. Let m be a leading monomial, and S C X a layer of m. Then, either di = \E{\ 
for some i in S, or mxs is again a leading monomial. 

3. Finite generation 

3.1. Proof of non finite generation on a prototypical example. The age algebra of 
a relational structures R admitting a finite monomorphic decomposition is not necessarily 
finitely generated. A prototypical example is this: 
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Example 3.1. Let G be the direct sum K^^) ® of an infinite wheel and an infinite 
independent set. There are two infinite monomorphic blocks, E± the set of leaves of the 
wheel and E% the independent set, and one finite, E3, containing the center c of the wheel. 
Each isomorphism type consists of a wheel and an independent set, so the Hilbert series is 
H G (Z) = (1 + y=z)j^z = ■ 

What makes this relational structure special is that the monomorphic decomposition 
(E\, E2, E3) is minimal, whereas (Ei^Es) is not a minimal monomorphic decomposition of 
the restriction of R to E\ U E^. We now prove that this causes the age algebra not to be 
finitely generated. Consider the subalgebra B :— K[ei (£?)]. In each degree d, it is spanned 
by the sum bd of all subsets of size d of E. Key fact: any element s of K..A can be uniquely 
written as s =: a(s) + b(s) where b(s) is in B, and all subsets in the support of a(s) contain 
the unique element c of E3. Note in particular that a(s) 2 = for any s homogeneous of 
positive degree. 

Let S be a finite generating set of the age algebra made of homogeneous elements of 
positive degree. By the remark above, {a(s),s € S} generates K.A as a S-module. It 
follows that the graded dimension of K.A is bounded by 151, a contradiction. 

3.2. Combinatorial characterization. The previous example suggests that the finite gen- 
eration of the age algebra is related to the behavior of the minimal monomorphic decompo- 
sition with respect to restriction. This is indeed the case, and we get a complete character- 
ization of when the age algebra is finitely generated. 

Definition 3.2. Let (E x ) x& x be the minimal monomorphic decomposition of R. Whenever 
restricting R to some union {J x€X > Ex of infinite monomorphic blocks, (E x ) xe x' remains a 
monomorphic decomposition. If it always remains minimal, the decomposition (E X ^} X £X is 
called hereditary minimal. 

Theorem 3.3. Let R be a relational structure admitting a finite minimal monomorphic 
decomposition (E x ) xe x, o,nd let Xoo be the indexes of the infinite monomorphic blocks. 
Then, the following propositions are equivalent: 

(a) The monomorphic decomposition is hereditary minimal; 

(b) The age algebra is finitely generated; 

(c) For some large enough integer D, the age algebra contains the free subalgebra Sym(x D , x € 
Xoc), and is a module of finite type thereupon. 

3.3. Finite generation for tournaments. The existence of a very simple tournament 
fExample IA.7ft whose age algebra is not finitely generated is not accident; in fact, the age 
algebra of a tournament is very seldom finitely generated. 

Theorem 3.4. The age algebra of a tournament T is finitely generated if and only if the 
profile is bounded. 

This is a consequence of Theorem 13.31 thanks to some simple remarks, as well as a recent 
structural theorem on the monomorphic blocks of a tournament. 

Remarks 3.5. (a) A monomorphic block of size at least 4 is acyclic; 

(b) The union of two monomorphic blocks of size at least 4 is acyclic; 

(c) A minimal monomorphic decomposition of a tournament with at least two infinite blocks 
cannot be hereditary minimal. 

Theorem 3.6 (Boudabbous-Pouzet [BP07] ). Let T be an infinite tournament with whose 
profile has polynomial growth. Then, T is a lexicographical sum ^4 of acyclic tourna- 

ments Ai indexed by a finite tournament D. 



SOME RELATIONAL STRUCTURES AND THEIR ASSOCIATED ALGEBRAS 



7 



Proof of Theorem [X^j Suppose that (p T is bounded. Then, by Theorem \'2.'2\ K.A(T) is 
finitely generated. Conversely, suppose that K.A(T) is finitely generated. Then, the pro- 
file ipx has polynomial growth, and by Theorem 13.61 the minimal monomorphic decom- 
positionis finite. Applying Theorem 13. 3[ this decomposition is hereditary optimal, and 
by Remark 13.51 (c), it has a single infinite monomorphic block. Therefore, the profile is 
bounded. □ 

3.4. Finite generation, well-quasi-order and profile. The age algebra of a relational 
structure being graded and connected, it is finitely generated if and only if it is a Noetherian 
ring. There are posets which play a role as important in the theory of ordered sets as 
noetherian rings in the theory of ring. These posets, studied first by Higman |Hig52| , are 
said well-quasi-ordered, in brief wqo, and can be defined by the fact that the set F(P) of 
final segments of P is Noetherian w.r.t. the inclusion order. If P is an age A(R), it is easy 
to see that F(A) embeds into the collection of ideals of K.A. Consequently: 

Corollary 3.7. If the age algebra WL.A(R) is finitely generated then the age of R is well- 
quasi-ordered by embeddability. 

Finite generation is not mandatory. It turns out that the age of a relational structure 
with polynomial growth and finite kernel is well-quasi-ordered [Fou78]. In fact, the well- 
quasi-ordering notion was central in proving the second part of Theorem 11.11 

Problem 3.8. Is the profile of a relational structure R bounded by some exponential when 
the age R is well-quasi-ordered by embeddability? 

Appendix A. Examples of relational structures and age algebras 

This section collects the examples of relational structures which guided our research, 
together with the properties of their profiles and age algebras. For the sake of conciseness, 
we do not refer explicitly to the notions and theorems used to derive their properties. 

A.l. Examples coming from graphs and digraphs. A graph G :— (V,£) being con- 
sidered as a binary irreflexive and symmetric relation, its profile ipa is the function which 
counts, for each integer n, the number fa{ n ) of induced subgraphs on n elements subsets 
of V(G), isomorphic subgraphs counting for one. 

Example A.l. Trivially, if G is an infinite clique Koo or coclique Koa, then there is a single 
isomorphic type for each d: 4>o{d) — 1. There is one monomorphic bloc E x = E, the age 
algebra is K[x], and its Hilbert series is jrrf ■ If instead one consider digraphs, we recover 
the same age and age-algebra from any infinite chain N, Z, Q, R, etc. or antichain. 

A bit less trivial is the fact that tpc is bounded if and only if G is almost constant in the 
sense of R. Frai'sse |Fra00j (there exists a finite subset Fq of vertices such that two pairs of 
vertices having the same intersection on Fq are both edges or both non-edges). 

Example A. 2. Let G be the direct sum © • ■ • © K u of k infinite cliques (or chains) 
Ei, .... Ek', they form the monomorphic blocks. The profile counts the number (pc(n) — 
Pk{n) ~ (fc+i)ifct °f integer partitions with at most k parts. The age algebra is the ring of 
symmetric polynomials Sym(X) on k variables whose Hilbert series is (\_z)-\\-z k ) ■ 

Examples A. 3. Let G be the direct sum K u © K u of an infinite clique and an infinite set. 
Then <£ G (n) = n for n > 1, and Ha = 1 + frz^p = TT^zV = (l-zxf-z^) • Hence, 
the Hilbert series has one representation as a rational fraction with a numerator with some 
negative coefficient, and another with all coefficients non-negative. 
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This Hilbert series coincide further with that of Examples 13. II and I A. 131 for k = 2. Still, 
in the first and third case, there are two infinite blocks whereas in the second there are 
three, one finite and two infinite. Furthermore the age algebra is finitely generated and even 
Cohcn-Macaulay in the first and third case, but not in the second. 

Example A. 4. When extending Example IA.2I to infinitely many cliques the age algebra 
becomes the ring Sym of symmetric functions and with Hilbert series 'Hji(Z) — J\ d>1 n—z<i) • 

Example A. 5. If G is an infinite path, then the finite restrictions are direct sums of paths. 
Therefore, the profile counts the number of partitions of n. The age algebra is the free 
commutative algebra generated by the paths of length 1,2,..., which is again isomorphic 
to Sym. However, this time, the monomorphic blocks are reduced to points. 

Example A. 6. If G is the Rado graph (infinite random graph), then Lpo(n) counts the total 
number of unlabelled graphs. The age algebra is the free commutative algebra generated by 
the connected graphs. Its Hilbert series is Hn(Z) = Yl d>1 (i_ Z d ) a d ' wnere a is the number 
of connected graphs with d nodes. 

Example A. 7. Consider the lexicographic sum tournament obtained by substituting each 
point i of the cycle C 3 := {(1, 2), (2, 3), (3, 1)} on {1, 2, 3} by the chain N. 

A. 2. Examples coming from groups. We first look at orbital profiles. The fact that 
they are special cases of profiles is easy to prove. In fact, for every G there is a relational 
structure such that Auti? = G (the topological closure of G in the symmetric group <&(E), 
equipped with the topology induced by the product topology on E E , E being equipped with 
the discrete topology). Oligomorphic groups are quite common. Indeed, if G is a group 
acting on a denumerable set E and R is a relational structure such that Auti? = G, then G 
is oligomorphic if and only if the complete theory of M is ^-categorical (Ryll-Nardzewski, 
1959). Cameron conjectured that the orbital profile 6q is polynomial (in the sense that 
6g{ti) ~ an k ) provided that it is bounded by some polynomial. This particular consequence 
of Conjecture II .31 has not been solved yet. 

Example A. 8. Let G be the identity group on an m element set E. Set R := (E, u±, . . . , u m ), 
where each itj is a unary relation defining the i-th element of E. Then, 6g(ti) — <pn(n) — (™) . 

Example A. 9. Let G := AutQ, where Q = (Q, <) is the chain of rational numbers. Then, 
9g(ti) — (pq(n) = 1 for all n. There is a single monomorphic block, and K.A(R) ~ K[x]. 

Example A. 10. Let R := (Q, <,U\, . . . , Ufc), where Q is the chain of rational numbers, and 
Ui, . . . ,Uk are k unary relations which divide Q into k intervals E\, . . . ,Ek- Then, Lpn{n) = 
("fc-i 1 ) and W « = (l-z)* • The El ' s are the monomorphic blocks and K.A(R) « K[Xj. 

Example A. 11. Let G' be the wreath product G' :— Gl 6n of a permutation group G acting 
on {1, . . . , k} and of Sn, the symmetric group on N. Looking at G' as a permutation group 
acting on E' := {1, . . . , k} x N, then G' = Auti?' for some relational structure R' on E'; 
moreover, for all n, 6c (n) — <PR'(n). Among the possible R' take R I N := (E' , =, (Pi)iei), 
where = is {((i,n), (j,m)) G E' 2 : i = j}, 'p i := {((xi,mi), . . . , (x nj ,m ni )) : {x\, ■ . .,x ni ) € 
Pi, (mi, . . . , m m ) G and R := ({1, . . . , fe}, (pi)i£i) is a relational structure having 

signature p, :— (nf)^ such that Auti? = G. The relational structure i?;N decomposes into 
k monomorphic blocks, namely the equivalence classes of =. 

As it turns out |Cam90j . Hr^ is the Hilbert series of the invariant ring K[X] G of G, that 
is the subring of the polynomials in X which are invariant under the action of G. In fact, 
the identification of the age algebra as a subring of K[X] gives an isomorphism with K[X] G . 
As it is well known, this ring is Cohen-Macaulay, and the Hilbert series is a rational fraction 
of the form given in Theorem l2.3[ where the coefficients of P(Z) are non- negative. 
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Problem A. 12. Find an example of a permutation group G with no finite orbit, such that 
the orbital profile of G has polynomial growth, but the generating series is not the Hilbert 
series of the invariant ring K[A] G of some permutation group G acting on a finite set X . 

A. 3. Examples coming from permutation groupoids. Let X be a set. A local bijection 
of X is a bijective function / : dom/ c — » im/ whose domain dom/ and image im/ are subsets 
of X\ in particular / is a permutation of X if dom/ = im/ = X . The inverse / -1 of a local 
bijection /, its restriction f\x' ■ X' c — » f(X') to a subset X 1 of dom/, and the composition 
/ o g of two local bijections / and g such that m\g = dom/ arc defined in the natural 
way. A set G of local bijections of X is called a permutation groupoid if it contains the 
identity and is stable by restriction, inverse, and composition. Obviously, the closure [G 
of a permutation group G by restriction is a permutation groupoid. More interestingly, the 
local isomorphisms of a relational structure form a permutation groupoid, and reciprocally, 
any permutation groupoid G can be obtained from a suitable relational structure Rq on X. 

The wreath product construction of an age algebra matching the invariant ring K[A] of a 
permutation group G (see Example I A. llj) can be extended straightforwardly to permutation 
groupoids. Many, but not all, properties of invariant rings of permutation groups carry over 
(see Table [T] and [PT05| ): in particular, the invariant ring is still a module over symmetric 
functions, but not necessarily Cohen-Macaulay. 

Examples A. 13. Take n £ NU and let G be the permutation groupoid of the strictly 
increasing local bijections of {1, ...,n}, or equivalently of the local isomorphisms of the 
chain 1 < • • ■ < n. Then, K[A] G is the ring QSym(A) of quasi- symmetric polynomials on 
the ordered alphabet X, as introduced by I. Gessel [Gcs84j. As shown by F. Bergeron and 
C. Reutenauer, H.QSym(x) — rx-z){\-'z^y--{\-z n ) ' wnere the coefficients of P n {Z) are non 
negative. In fact, the ring is Cohen-Macalay [GW03| . 

Taking the same groupoid G, and letting it act naturally on respectively pairs, cou- 
ples, fc-subsets, or fc-tuples of elements of {l,...,n}, yield respectively the (un)oriented 
(hyper)graph quasi-symmetric polynomials of [NTT Olj. 

Example A. 14. Let G be the permutation groupoid on {1, 2, 3} generated by the local bijec- 
tion 1 h> 2. Then, G is the restriction of the finite permutation group ((1,2), (3,4)) whose 
invariant ring is Cohen-Macaulay. However, the age algebra K[A] G itself is not Cohen- 
Macaulay. In fact, the numerator of the Hilbert series cannot be chosen with non-negative 
coefficients. Indeed, 7i K [xp = 1 ~ Z rt-z)^~ Z > an< ^ ^he coefficient of highest degree in the 
product of the numerator by ^— - ^ is always —1. 

A. 4. Examples with polynomial growth but infinitely many monomorphic blocks. 

Example A. 15. Take the direct sum K^lG of infinitely many copies of a connected graph G. 
The age algebra is the free commutative algebra generated by the (finitely many) connected 
induced subgraphs of G. Taking for G the graph Ki t x, one get the infinite matching. The 
age algebra is finitely generated, whereas there are infinitely many monomorphic blocks. 

Examples A. 16. Consider the direct sum R' := Koo I K\_\ © R of the relational structure R 
of Example 13.11 with the infinite matching. The profile has polynomial growth, but R has 
infinitely many monomorphic blocks and the age algebra is not finitely generated. 

For a less artificial example, let G be the simple graph consisting of the direct sum of an 
infinite wheel and an infinite matching. Each isomorphism type is the direct sum of a wheel, 
an independent set, and a matching. Therefore, the Hilbert series is Hg(Z) = jrz rrf jr^, 
and the profile has polynomial growth: ipcin) ~ an 2 . There is one infinite monomorphic 
block (the leaves of the wheel) , and infinitely many finite ones (the center of the wheel, and 
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the edges of the matching) . The age algebra is not finitely generated because G contains as 
restriction the graph of Example 13.11 whose age algebra is not finitely generated. 
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